Abstract. We translate the axioms of a Weyl groupoid with (not necessarily finite) root system in terms of arrangements. The result is a correspondence between Weyl groupoids permitting a root system and Tits arrangements satisfying an integrality condition which we call the crystallographic property.
Introduction
A large part of the (yet achieved) classification of finite dimensional Nichols algebras relies on a symmetry structure called the Weyl groupoid. This was constructed first in [12] for Nichols algebras of diagonal type, and then in [1] in a very general setting. Recently Heckenberger and Vendramin [13] , [14] exploited the Weyl groupoid of a Nichols algebra further and classified all finite dimensional Nichols algebras of semisimple Yetter-Drinfeld modules of rank greater than one over finite nonabelian groups, thus in other words those Nichols algebras of interest for the classification of pointed Hopf algebras which define a non trivial Weyl groupoid.
The fact that a Nichols algebra is finite dimensional translates into the finiteness of the sets of real roots of the corresponding Weyl groupoid. These 'finite Weyl groupoids' were completely classified in a series of papers by Heckenberger and the first author culminating in [10] . If one is interested in classifying arbitrary Nichols algebras defining a Weyl groupoid with root system, it is thus very natural to understand Weyl groupoids admitting a root system in general, i.e. with possibly infinitely many roots.
In the course of the classification of finite Weyl groupoids it was observed that they correspond to so-called crystallographic arrangements, which was finally proven in [4] . The main purpose of this paper is to generalize the result of [4] from finite to arbitrary Weyl groupoids permitting a root system: a finite Weyl groupoid defines a (finite) simplicial arrangement, an arbitrary Weyl groupoid (with root system) defines a so-called Tits arrangement, see [11] for a definition. The integrality property called "crystallographic" in [4] may be transfered to Tits arrangements without trouble although one has to be very careful with the details. Thus our main result is divided into two parts: every crystallographic arrangement defines a Weyl groupoid (see Section 3), and every Weyl groupoid (with root system) defines a crystallographic arrangement (see Section 4). Theorem 1.1 (Cor. 4.25) . There exists a one-to-one correspondence between connected, simply connected Cartan graphs permitting a root system and crystallographic Tits arrangements with reduced root system.
Under this correspondence, equivalent Cartan graphs correspond to combinatorially equivalent Tits arrangements and vice versa, giving rise to a one-to-one correspondence between the respective equivalence classes.
As a result, most of the Nichols algebras define Tits cones. An approach to classify arbitrary Nichols algebras could now be to start with those algebras defining a nice cone. For example, if the Tits cone is a halfspace, we call the Nichols algebra 'affine'. A first classification result of affine Nichols algebras of diagonal type is [5] .
This paper is organized as follows. Section 2 recalls the relevant notions introduced in [11] . In Section 3, we discuss the crystallographic property and how to obtain a Weyl groupoid from a crystallographic arrangement. The geometric realization of a connected simply connected Weyl groupoid is given in Section 4. Section 5 discusses arrangements induced by crystallographic arrangements by subspaces.
Simplicial cones and Tits arrangements.
Definition 2.3. In the following let V = R r , r ≥ 1. For a linear form α ∈ V * , define α ⊥ := ker α, α + := α −1 (R >0 ),
Let B be a basis of V * , then the open simplicial cone (associated to B) is
Definition and Remark 2.4. With notation as above we find
Let B be a basis of V * . We can then define the closed simplicial cone (associated to B) as
We call a cone simplicial if it is open simplicial or closed simplicial.
A simplicial cone can also be defined using bases of V . Let C be a basis of V , then the open simplicial cone associated to C is
and the closed simplicial cone associated to C is
Both concepts are equivalent, and it is immediate from the definition that if B ⊂ V * and C ⊂ V are bases, then K B = K C if and only if B is, up to positive scalar multiples and permutation, dual to C.
A simplicial cone K associated to B carries a natural structure of a simplex, to be precise:
is a poset with respect to inclusion, which is isomorphic to P(B) with inverse inclusion. If C is the basis of V dual to B, we find S K to be the set of all convex combinations of subsets of C, and S K is also isomorphic to P(C). Moreover, {R ≥0 c | c ∈ C} is the vertex set of the simplex S K . For a simplicial cone K, we denote with B K ⊂ V * a basis of V * such that K B K = K. The basis B K is uniquely determined by K up to permutation and positive scalar multiples.
Lemma 2.5. Let K = K C = K B for a basis C of V and a basis B of V * . Let β ∈ V * . Then β(v) ≥ 0 for all v ∈ C if and only if β ∈ α∈B R ≥0 α. Likewise β(v) ≤ 0 for all v ∈ C if and only if β ∈ − α∈B R ≥0 α. Definition 2.6. Let T ⊆ V be a convex open cone and A a set of linear hyperplanes in V . We call a hyperplane arrangement (A, T ) a simplicial arrangement (of rank r), if every K ∈ K(A) is an open simplicial cone.
The cone T is the Tits cone of the arrangement. A simplicial arrangement is a Tits arrangement if it is thin. Definition 2.7. A simplicial arrangement (A, T ) is spherical if T = R r . We say (A, T ) is affine if T = γ + for some 0 = γ ∈ V * . For an affine arrangement we call γ an imaginary root of the arrangement.
Root systems.
Definition 2.8. Let V = R r , a root system is a set R ⊂ V * such that 1) 0 / ∈ R, 2) −α ∈ R for all α ∈ R, 3) there exists a Tits arrangement (A, T ) such that A = {α ⊥ | α ∈ R}. If R is a root system and (A, T ) as in 3), we say that the Tits arrangement (A, T ) is associated to the root system R. We call a root system R reduced if R ∩ α = {±α} for all α ∈ R.
Remark 2.9. Most of the time we consider reduced root systems in this paper. However, root systems which are not reduced appear naturally when considering restrictions in Section 5.
Definition 2.10. Let (A, T ) be a Tits arrangement associated to R. Let K be a chamber. The root basis of K is the set
Remark 2.11. If (A, T ) is a Tits arrangement associated to R and K ∈ K, then
Also, as a simplicial cone K ⊂ R r has exactly r walls, the set B K is a basis of V * . Notice that
Lemma 2.12 ([11, Lemma 3.16]). Let (A, T ) be a Tits arrangement associated to R, K a chamber. Then R ⊂ ± α∈B K R ≥0 α. In other words, every root is a non-negative or non-positive linear combination of B K . Definition 2.13. Let (A, T ), (A ′ , T ′ ) be Tits arrangements associated to R,R ′ . Then (A, T ) and (A ′ , T ′ ) are called combinatorially equivalent if there exists an g ∈ GL(V ) such that g(A) = A ′ , g * R = R ′ , g(T ) = T ′ . Here * denotes the dual action of GL(V ) on V * , defined by g * α = α • g −1 .
Definition and Remark 2.14. Let (A, T ) be a simplicial hyperplane arrangement. The set of chambers K gives rise to a poset
with set-wise inclusion giving a poset-structure. Note that we do not require any of these intersections to be in T . By construction they are contained in the closure of T , as every K is an open subset in T . We write S instead of S(A, T ) if (A, T ) is uniquely determined from the context.
We recall the properties of S from [11] . Note that we will not recall definitions and properties of simplicial complexes in this paper. As a reference please consult the Appendix of [11] . The complex S is gated and strongly connected. Furthermore there exists a type function τ : S → I of S, where I = {1, . . . , r}. The complex S is thin if and only if (A, T ) is thin, and S is spherical if and only if (A, T ) is spherical. Definition 2.16. A simplicial arrangement (A, T ) of rank r is called k-spherical for k ∈ N 0 if every simplex S of S, such that codim(S) = k, meets T . We say (A, T ) is locally spherical if it is r − 1-spherical.
Remark 2.17. An equivalent condition for (A, T ) to be k-spherical, which we will use often, is that every (r − k − 1)-simplex meets T . This uses just the fact that simplices of codimension k are exactly (r − k − 1)-simplices.
3. The crystallographic property 3.1. Crystallographic arrangements. With respect to Lemma 2.12 we can make the following definition:
Definition 3.1. Let (A, T ) be a Tits arrangement associated to R. We call (A, T ) crystallographic (with respect to R) if it satisfies
From now on, let (A, T ) be a crystallographic Tits arrangement with respect to R. We will now take a closer look at the relations between the bases of adjacent chambers. The proof of the following lemma is exactly as in the spherical case.
We recall the notion of compatible indexing of root bases, compare [11, Def. and Rem. 3.28 ].
Definition and Remark 3.3. Assume for K ∈ K that B K is indexed in some way, i.e. B K = {α 1 , . . . , α r }. For any set I, define the map κ I : P(I) → P(I) by κ(J) = I \ J. Set κ := κ {1,...,r} . For every simplex F ⊂ K there exists a description of the form
This gives rise to a type function of K in S, by taking the map τ K : F → κ(J F ). By [11, Theorem B15 ] the map τ F yields a unique type function τ of the whole simplicial complex S. So let L ∈ K be another chamber, then the restriction τ | L is a type function of L as well. Assume B L = {β 1 , . . . , β r }, this yields a second type function of L in the same way we acquired a type function of K before,
Since the type function τ is unique, there is a unique indexing of B L compatible with B K .
Proposition 3.5 can also be found in [4] . The argument used there can be modified by the following Lemma, which makes use of compatibility and can be found in [11] . 
Proposition 3.5. Let (A, T ) be a crystallographic arrangement with respect to R and let K, L ∈ K be adjacent chambers. Choose an indexing B K = {α 1 , . . . , α r } and let the indexing of B L = {β 1 , . . . , β r } be compatible with
Proof. Without loss of generality we can assume k = 1, then β 1 = −α 1 = α 1 − 2α 1 . Consider the linear transformation σ, mapping α i to β i . This is an element in GL r (R) with entries in Z, since the arrangement is crystallographic and B K , B L are bases. By symmetry the inverse has also entries in Z, so σ ∈ GL r (Z) holds. Hence the matrix of σ with respect to bases B K and B L is
where by Lemma 3.2 the c i are in N and A ∈ GL r−1 (Z) with nonnegative entries. Since the matrix of σ −1 is of the same form, A −1 ∈ GL r−1 (Z) with nonnegative entries. It is well known (see Theorem 4.6 in Chapter 3 in [2] for example) that this implies that A is monomial, and since its entries are in Z, A is a permutation matrix. We know therefore that β i = σ(α i ) = c i α 1 + α π(i) for some permutation π. It remains to show that A is in fact the identity matrix. This is a consequence of Lemma 3.4, as
3.2. Cartan graphs and Weyl groupoids. We recall the notion of a Weyl groupoid which was introduced by Heckenberger and Yamane [15] and reformulated in [7] . Definition 3.7. Let A be a non-empty set, ρ i : A → A a map for all i ∈ I, and C a = (c a jk ) j,k∈I a generalized Cartan matrix in Z I×I for all a ∈ A. The quadruple
for all a ∈ A and i, j ∈ I.
The Weyl groupoid of C is the category W(C) such that Ob(W(C)) = A and the morphisms are compositions of maps σ a i with i ∈ I and a ∈ A, where σ a i is considered as an element in Hom(a, ρ i (a)). The cardinality of I is the rank of W(C). Two Cartan graphs
Let C be a Cartan graph. For all a ∈ A let
The elements of the set (R re ) a are called real roots (at a).
We say that
is a root system of type C if it satisfies the following axioms.
The root system R is called finite if for all a ∈ A the set R a is finite. By [7, Prop. 2.12] , if R is a finite root system of type C, then R = R re , and hence R re is a root system of type C in that case. Roots which are not real roots are called imaginary roots.
Remark 3.11. If C is a Cartan graph and there exists a root system of type C, then C satisfies
Proof. The Cartan graph C b J is connected since Π J is transitive on Π J (b). Since the morphisms of W(C b J ) are generated by a subset of those generating W(C), C b J is simply connected if C is. If R is a root system for C , then for a ∈ Π J (b) the set
is a subset of the real roots at a in C, hence (R re ) a satisfies (R1) -(R4). Assume that Π J (b) is finite, then for all a ∈ Π J (b) the set (R re ) a contains at most |J||Π J (b)| elements, and is hence finite.
3.3.
Cartan graphs and crystallographic arrangements. In the following section we point out one part of the correspondence between reduced root systems of crystallographic Tits arrangements and real roots of a Cartan graph. We will use some results for subarrangements, which will be provided in Section 5. Proposition 3.5 allows us to make the following definition:
Definition 3.14. Let (A, T ) be a crystallographic Tits arrangement with respect to R. Let K be a chamber and
. . , β i r } be indexed compatibly, then by Proposition 3.5 we find that β i j = c i j α i + α j with c i j ∈ N for i = j and c i i = −2. We will call the matrix C K = (−c i j ) 1≤i,j≤r the Cartan matrix at K.
Furthermore, in the above setting we denote by ϕ K i ,K the linear extension of the map α j → β i j for all j = 1, . . . , r.
The following lemma shows that the notion of a Cartan matrix at a chamber K is justified, as it is indeed a generalized Cartan matrix. For the sake of brevity, we omit the fact that it should be called the "generalized Cartan matrix at a chamber". In this work we will not define what a (non-generalized) Cartan matrix is.
Proof. The matrix C K satisfies (M1) from the definition by Proposition 3.5. So assume c
The last equality means v ∈ (β i j ) ⊥ , which contradicts the simplicial structure of S. So (M2) holds.
Proposition 3.16. Let (A, T ) be a crystallographic Tits arrangement with respect to R and assume the B K are indexed compatibly for all K ∈ K. Set I := {1, . . . , r}, A := K, C K the generalized Cartan matrix at K, and for i ∈ I let ρ i :
Proof. By Lemma 3.15, for K ∈ K the Cartan matrix C K at K is a generalized Cartan matrix. The maps ρ i are well defined, as for K ∈ K, there exists a unique chamber K i which is i-adjacent to K. Since K is then also i-adjacent to K i , as the indexing of the root basis is compatible, ρ i is an involution. Thus C satisfies (C1).
It remains to check (C2). So let K, L be i-adjacent with
, so assume i = j. We find the i, j-th entry of C K to be the number −c such that β j = cα i + α j . The i, j-th entry of C K i is the number −d defined by α j = dβ i + β j . We obtain α j = −dα i + cα i + α j , and therefore c = d by using the linear independence of α i , α j . Therefore C satisfies (C2) and is a Cartan graph.
The Cartan graph C is connected: Since S is a chamber complex, we can find a gallery between two chambers K and K ′ . Let (K = K 0 , . . . , K m = K ′ ) be such a gallery. Assume that K j−1 and K j are i j -adjacent. Then the map σ
Definition 3.17. Given a crystallographic Tits arrangement (A, T ) with respect to R, we will denote the Cartan graph defined in Proposition 3.16 by C(A, T, R).
Let K ∈ K and let φ K : V * → R r be the coordinate map of V * with respect to the basis
Proof. This is a straight forward calculation using the definition of φ k and σ K i . Using induction on the above expressions immediately yields:
Proposition 3.20. The Cartan graph C(A, T, R) is simply connected.
Proof. Let K ∈ K and w ∈ Hom(K, K) such that
Proposition 3.21. Let (A, T ) be a crystallographic arrangement of rank r with respect to R and C = C(A, T, R). Then the sets R K are exactly the real roots of C at K, and R = R(C, (R K ) K∈K ) is a root system of type C.
Proof. We show that R is a root system of type C. Lemma 2.5 and the crystallographic property imply (R1), and (R2) holds since R is reduced. To show (R3), assume K, K ′ are i-adjacent. In particular this means
by Corollary 3.19, so (R3) holds.
. . , β r }, then this is equivalent to m ij = |R ∩ β i , β j |, as φ K maps β k to α k for k ∈ I. Take the simplex F ∈ S, F ⊂ K, such that the type of F is {i, j}, in particular F is a 2-simplex and
, and consider the arrangement (A x , R x ). Then A x , R x has exactly m ij elements, by 5.3 (A π x , R x ) is a spherical arrangement, and K x consists of 2m ij chambers. The induced simplicial complex has a unique induced type function by {i, j}. Therefore (ρ i ρ j ) m ij corresponds to a unique gallery (
It remains to show that R K are actually the real roots at K. Since ϕ K ′ ,K maps roots to roots, we have (R re ) K ⊂ R K by Corollary 3.19, so we need to check the other inclusion. Let β ∈ R, and set
Then by Corollary 3.19
, where we used the fact that by (C2),
is in the standard basis, which proves β K ∈ (R re ) K . Hence R K = (R re ) K , which proves our assumption.
Remark 3.22. It is easy to see that combinatorially equivalent crystallographic Tits arrangements (A, T ) (w.r.t. R) and (A ′ , T ′ ) (w.r.t. R ′ ) yield equivalent Cartan graphs C(A, T, R) and C(A ′ , T ′ , R ′ ). Choosing a different type function of the simplicial complex S also gives rise to equivalent Cartan graphs, which only differ by a permutation of I.
3.4.
The additive property. In this section we will discuss the additive property of root systems. Here we will also use some results for subarrangements, which we will prove later in Section 5.
Definition 3.23. Let (A, T ) be a Tits arrangement associated to R, and fix K ∈ K. Set
and call R + the positive roots (w.r.t. K) and R − the negative roots (w.r.t. K).
Lemma 3.24. If (A, T, R) is a simplicial arrangement, then R = R +∪ R − for every K ∈ K.
Proof. Let α ∈ R, then α ∈ R + or α ∈ R − by Lemma 2.12. The sets R + , R − are disjoint since
Definition 3.25. Let (A, T ) be a Tits arrangement associated to R, and let K ∈ K. We say that B K satisfies the additive property, or shorter that B K is additive if for all α ∈ R + either α ∈ B K or α = α 1 + α 2 with α 1 , α 2 ∈ R + . If B K is additive for all K ∈ K, then (A, T ) is said to be additive (w.r.t. R). show that every crystallographic spherical arrangement is additive, thus for spherical arrangements the additive property and the crystallographic property are equivalent. Note that both formulations above actually refer to Weyl groupoids. (3) An example of an affine crystallographic arrangement which is not additive in the above sense is the root system ofÃ 1 , which is
where {α 1 , α 2 } is a basis of (R 2 ) * and γ = α 1 + α 2 . There is a chamber K such that B K = {α 1 , α 2 }, but 2α 1 + α 2 is neither in B K nor a sum of two positive roots.
We now give a criterion for a crystallographic arrangement to be additive. The idea for the proof of the following statement is based on [9, Theorem 2.10], but adapted to our notation. Proposition 3.27. Assume that (A, T ) is a crystallographic Tits arrangement with respect to R of rank r ≥ 3. If (A, T ) is 2-spherical, then it is additive with respect to R.
Proof. Let K 0 ∈ K and β ∈ R + w.r.t. K 0 . Let K ∈ K, such that β ∈ B K and assume d(K 0 , K) = m. Fix a minimal gallery γ = (K 0 , K 1 , . . . , K m = K). Let B K = {β 1 , . . . , β r }, where β = β 1 . If m = 0, β is already in B K 0 and we are done. So let m ≥ 1 and assume β / ∈ B K 0 . Now assume K and K m−1 are i-adjacent. As β ∈ R + , we find D β ⊥ (K 0 ) = D β ⊥ (K), hence i = 1 and a minimal gallery between them can not cross β ⊥ . So let
Then R x is contained in β 1 , β i , K x corresponds to the chambers of the star St(F ) of F . Now St(F ) is a gated set by [11, Proposition 2.27], so let G ∈ K x be the unique gate from
, by Lemma 2.5 the roots α 1 , α 2 are positive with respect to K.
By Corollary 5.7 R x itself is a crystallographic root system in dimension 2, and {α 1 , α 2 } is a root basis. By construction G ⊂ β + , as β 1 ∈ R x , and again by Lemma 
In the latter case we are done, as α ′ 1 , α ′ 2 are also positive with respect to K, since they are positive linear combinations of α 1 , α 2 , which are positive w.r.t. K.
So it remains to check that β = α 1 , α 2 . As G is the gate from K to K x , we can assume that there exists an index 0 ≤ j ≤ m such that K j = G in the above gallery. Assume β = α 1 , then β ∈ B G and the minimality of the gallery yields j = m. But we assumed K m−1 and G are i-adjacent, which means that K m−1 ∈ K x , a contradiction to the gate property. So β = α 1 , α 2 and we are done.
The geometric realisation of a connected simply connected Weyl groupoid
In the previous section, we constructed a Cartan graph from a given crystallographic simplicial arrangement. The aim of this section is to give a canonical crystallographic Tits arrangement associated to a given connected simply connected Cartan graph with real roots.
For this section, assume C = C(I, A, (ρ i ) i∈I , (C a ) a∈A ) to be a connected simply connected Cartan graph of rank r with real roots R re = R(C, ((R re ) a ) a∈A ), and fix some a ∈ A. Furthermore, assume that R re is a root system of type C. By [7, Proposition 2.9] , this is equivalent to the existence of a root system of type C. 
Let w ∈ Hom(a, b) and i ∈ I. We call
We say K b and K b ′ are adjacent if they are i-adjacent for some i ∈ I. Proof. This follows as K b is a simplicial cone.
Definition 4.5. For H ∈ A, Lemma 4.4 yields that every K b is contained in a unique halfspace associated to H. We denote this halfspace by D H (K b ). For the halfspace not containing
, and set
Furthermore let T be the convex hull of all
We will need the following characterization of walls.
Lemma 4.7. Assume b ∈ A and let H ⊂ V be a hyperplane. Then H ∈ W b if and only if
by Remark 2.4 it follows that there exists a maximal face F of S contained in H. But F has an n−2-dimensional affine space as its affine span, therefore its linear span is a hyperplane. Furthermore
Now assume H ∩ K b = ∅ and H ∩ K b = H both hold. The set K b is a simplicial cone, from Remark 2.4 we obtain that there exist elements β 1 , . . . , β r ∈ V * such that
By using 4.6 we can assume B b = {β 1 , . . . , β r }. Let S be as above, then we find a maximal face F of S such that F ⊂ H, but every face of S is contained in a unique hyperplane β ⊥ i , which proves our claim.
Proof. As R re is a root system of type C, it follows from [15, Lemma 8, (iii)], that C satisfies (C3), which implies the statement. 
Hence the two hyperplanes must coincide. This shows iv).
, and the same holds for ψ b ′ (α j ) ⊥ . Therefore S contains both
We obtain K ⊂ i∈I ψ b ′ (α i ) + , and therefore K = K b ′ , which shows iii). Furthermore we see that S ∩ ψ b (α i ) ⊥ is not empty, as S is a convex set containing points in ψ b (α i ) + and in ψ b (α i ) − . In particular we showed
The convex hull of U and U ′ is again open, and therefore intersects
If this intersection spans a hyperplane, then H = H ′ . Therefore iv) holds.
iii) =⇒ ii): We have the equality
contains exactly the chambers K b and K b ′′ and that
By construction S ′ contains U ′ , therefore it also contains an open set U ′′ such that For the second statement assume If
Definition and Remark 4.12. We define the distance function on K in the following way, which is the same definition as for chamber complexes. Take a minimal gallery K b 0 , . . . , K bm between chambers K b 0 and K bm , where K b i and K b i+1 are adjacent (this exists since C is connected), and
This is a well defined metric on the set K, thus (K, d) is a metric space. The fact that d is a metric can be checked in the same way as if K was constructed from a simplicial arrangement.
then C x is a connected simply connected Cartan graph which admits a finite root system with real roots at c being the set ψ −1 c (R x ) for c ∈ A x . Here R x is identified with a subset of (V x ) * via α(v + W ⊥ ) := α(v).
Proof. First notice that C x is indeed a connected and simply connected Cartan graph by Lemma 3.13 as it is an I x -residue of C.
Denote by (R re x ) c for c ∈ A x the real roots at c given by the Cartan graph C x . By taking the standard basis {α 1 , . . . , α r }, we can consider Z Ix as the Z-span of {α i | i ∈ I x } in Z I . Comparing the construction of
it follows immediately that (R re x ) c ⊆ ψ −1 c (R x ) for c ∈ A x . In particular (R re x ) c is a finite root system, and for c ∈ A x the real roots (R re x ) c at c form a spherical simplicial arrangement of rank |I x | via the map ψ c in the space V x . Call this arrangement A ′ , the corresponding root system R ′ and the chambers K ′ . Also denote the canonical projections with
, and let (K ′ ) c be the chamber associated to c in C x , and (B ′ ) c the respective root basis in (V x ) * .
We show that for all c ∈ A x we have π x (K c ) = (K ′ ) c and π ⊥ x (B c ∩R x ) = (B ′ ) c . For the simplicial arrangement associated to C x we need some notation as in Definition 4.1. Let ψ ′ :
, it meets a chamber in K ′ , since the elements in K ′ are the connected components of V x \ H∈Ax H, which is impossible by Lemma 4.3. We conclude R x = R ′ , as required.
Remark 4.14. It is an easy observation (the proof is similar to the proof of [11, Lemma 2.7] ) that the separating hyperplanes for two chambers
In combination with the next lemma, this yields that the Cartan graph C x is independent of the choice of K b . In other words, in this case b ′ ∈ Π x (b).
The next lemma yields a characterization of the distance d, which we already established for simplicial arrangements. 
, and we can conclude
and thus m ≤ d.
To show equality we show that there exists a gallery of length m connecting K b and K b ′ . As we now know that
There exists a hyperplane in S(K b , K b ′ ) which is a wall of K b , otherwise we find for every wall of K b , that K b ′ is on the same side, which yields
So assume H ′ 1 is a wall of K b , then we find
is the only hyperplane separating 
Choosing U z as B δ (z) therefore satisfies | sec(U z )| < ∞.
Remember that T is defined as the convex hull of K b , b ∈ A. In the following, we show that every point of T is on an interval between two points in the interior of two chambers, which implies that T is indeed convex. 
, it is also contained in K b 1 , and inductively we obtain x 1 ∈ K b i for 1 ≤ i ≤ m. So our claim holds for k = 1.
So let k ≥ 2. We show that every open segment (x j , x j+1 ) is contained in some chamber K c j for 1 ≤ j < k. It is enough to show that (x 1 , x 2 ) is contained in a chamber, then the statement follows inductively by substituting x with a point on (x 1 , x 2 ). As
As A x 1 is finite, we can apply Proposition 4.13 to find a spherical Cartan graph C x 1 , together with a set of chambers in one to one correspondence to the objects A x 1 . In particular, as C x 1 is spherical, there exists an object c 1 ∈ A b,J , such that the chamber K c 1 has maximal distance to K b in the spherical arrangement associated to
Let z ∈ (x j , x j+1 ) for some 1 ≤ j < k. By counting separating hyperplanes we obtain
By induction we obtain
Proof. By Lemma 4.21 every point z ∈ T is on an interval [x, y], x ∈ K b , y ∈ K b ′ , and by Lemma 4.17 we find a neighbourhood U z such that sec(U z ) is finite. Therefore A is locally finite in T .
Let K be a connected component of T \ ( H∈A H), and let x ∈ K. As a direct result of Lemma 4.18 x is contained in K b for some b ∈ A. By definition of K it follows that K ⊂ K b , and by Lemma 4.3 we get equality.
Furthermore A is thin, as by definition every wall of K b , b ∈ A, is in A. From Lemma 4.10 it follows that every H ∈ A is a wall of some chamber, so it meets T .
It follows also by definition that A = {α ⊥ | α ∈ R}, so R is a root system for A. Furthermore R is crystallographic since R = ψ b (R b ), so every root is a non-negative or non-positive integral linear combination of B b for all b ∈ A.
Finally R is reduced since the roots (R re ) a satisfy property (R2).
Remark 4.23. Choosing a different object a ′ ∈ A to begin with yields a combinatorially equivalent crystallographic arrangement, as those differ exactly by an element in GL r (Z). Since equivalent Cartan graphs have the same sets of real roots, those also yield combinatorially equivalent crystallographic arrangements.
Definition 4.24. Given a connected simply connected Cartan graph C permitting a root system of type C, we call the crystallographic arrangement (A, T ) as constructed above the geometric realization of C (with respect to a).
Corollary 4.25. There exists a one-to-one correspondence between connected, simply connected Cartan graphs permitting a root system and crystallographic Tits arrangements with reduced root system. Under this correspondence, equivalent Cartan graphs correspond to combinatorially equivalent Tits arrangements and vice versa, giving rise to a one-to-one correspondence between the respective equivalence classes.
Parabolic subarrangements and restrictions of crystallographic arrangements
In this section we consider substructures of crystallographic Tits arrangements and show that the crystallographic property is inherited by these substructures in most cases.
Subarrangements.
Definition 5.1. Assume (A, T ) is a Tits arrangement associated to R, let x ∈ T . Set
The following are the main results about parabolic subarrangements from [11] , they describe how to understand a parabolic subarrangement as a Tits arrangement.
Proposition 5.2 ([11, Proposition 4.4])
. Let (A, T ) be a Tits arrangement associated to R, x ∈ T . Then (A π x , T x ) is a Tits arrangement associated to R x . Corollary 5.3 ([11, Corollary 4.6]). Assume (A, T ) is a Tits arrangement associated to a root system R of rank r ≥ 2. Let x ∈ T . Then A x and R x are finite if and only if x ∈ T . In particular, a Tits arrangement is finite if and only if it is spherical.
We recall the following statement from [11] .
Lemma 5.4 ([11, Lemma 4.8])
. Let (A, T ) be a Tits arrangement associated to a root system R. Let x ∈ T with R x = ∅. Let K, L ∈ K x be α 1 -adjacent, and B K = {α 1 , . . . , α r }, B L = {β 1 , . . . , β r } indexed compatibly with B K . Then B K x → B L x , α i → β i is a bijection. This can be applied to crystallographic arrangements. 
Proof. Let K, L ∈ K x be adjacent chambers, B K = {α 1 , . . . , α r } and assume that B L = {β 1 , . . . , β r } is indexed compatibly with
Zα. Now let α ∈ R x . Since x ∈ α ⊥ , x is contained in some simplex, and therefore also in some maximal simplex. Thus there exists a chamber L ∈ K x , such that r ∈ B L x . Using that K x is connected [11, Lemma 2.25], there exists a chain
It follows by induction and using the fact that σ K i−1 ,K i maps roots to integral linear combinations of B
Corollary 5.7. Let (A, T ) be a crystallographic Tits arrangement with respect to R, x ∈ T such that R x = ∅. Then the Tits arrangement (A π x , T x ) is crystallographic with respect to R x . Proof. This is a direct consequence from Proposition 5.6, since the crystallographic property only depends on R x . Corollary 5.8. Let (A, T ) be a crystallographic Tits arrangement with respect to the reduced root system R,
if and only if i ∈ J. In this case C a J = C(A π x , T x , R x ). In other words, parabolic subarrangements of crystallographic arrangements correspond to residues of the respective Cartan graph.
Proof. The corollary is immediate from the correspondence of Cartan graphs and Tits arrangements in Corollary 4.25.
Proposition 5.9. Let (A, T ) be a Tits arrangement associated to R of rank r = 2. If for all 0 = x ∈ T the arrangements (A π x , T x ) are crystallographic with respect to R x , then (A, T ) is crystallographic with respect to R.
If (A, T ) is locally spherical, then (A, T ) is crystallographic with respect to R if for all 0 = x ∈ T the arrangements (A π x , T x ) are crystallographic with respect to R x . Proof. If r = 1 we can conclude that T = R or T = R >0 . In the first case the root system R is 1-dimensional and crystallographic. In the second case there is no thin hyperplane arrangement, as every hyperplane is just {0} and this does not intersect R >0 . Thus assume r ≥ 3.
We know S is connected by Proposition 2.15, so it is enough to show that for two adjacent chambers K, L ∈ K we have B L ⊂ α∈B K Zα. The proposition follows then by induction on the length of a minimal gallery between arbitrary chambers K ′ , L ′ ∈ K.
Assume further that B K = {α 1 , . . . , α r }, B L = {β 1 , . . . , β r } are indexed compatibly with B K and K, L are adjacent in α 1 . Take two distinct vertices v 1 , v 2 of K such that v 1 , v 2 ∈ α ⊥ 1 . Note that if (A, T, R) is locally spherical, these vertices are contained in T . As L is a simplicial cone, there exists a unique maximal face not containing v 1 , which must contain v 2 . Therefore by Proposition 5.6
Zα ⊂ α∈B K Zα and we are done.
Example 5.10. The requirement r = 2 in Proposition 5.9 is actually necessary. Take the root system of typeÃ 1 , R = {e ∨ i + kγ | i = 1, 2, k ∈ Z}, where the e ∨ i are the standard base vectors and γ = e ∨ 1 + e ∨ 2 . Denote v λ = λe 1 + (1 − λ)e 2 and take {v λ | λ ∈ Z} as a vertex set, which is a lattice in the affine space W = {v ∈ The root system R itself is crystallographic as well as the arrangements at the points v λ . Also note that R = λ∈Z B λ . One can modify R by defining the root system R = {(k + 1)(e ∨ i + kγ) | i = 1, 2, k ∈ Z}. SinceR only contains multiples of the elements in R, the arrangement induced by R and byR is actually the same, so we find the same set of chambers K λ , which are induced by the same simplices on the same vertex set. Then the root system at the vertices arẽ This implies that for every point in T the induced arrangement is crystallographic. Note that every point in T different from the v λ is either a multiple of some v λ and therefore induces the same arrangement or is in the interior of a simplicial cone and induces the empty arrangement. Now consider the root bases with respect toR, which we shall callB to distinguish them from the sets B λ . These are of the form (1) We assume x = 0 in Proposition 5.9 since A 0 = A. (2) For the proof of Proposition 5.9 it is actually sufficient to assume the crystallographic property for all parabolic subarrangements (A x , T x ) where 0 = x is contained in some vertex v in the simplicial complex S. It is also not hard to see that being crystallographic in such a point implies R y being crystallographic for all y such that the minimal simplex F y containing y is contained in St(v). Thus R y is crystallographic for all y ∈ T .
Restrictions.
Definition 5.12. Let (A, T ) be a Tits arrangement associated to R, H ∈ A. Define
The following are the main results from [11] on restrictions of simplicial arrangements.
Proposition 5.13 ([11, Proposition 4.16])
. Let (A, T ) be a k-spherical Tits arrangement for k ≥ 1. Let R be a root system associated to (A, T ) and H ∈ A. Then (A H , T ∩ H) is a k − 1-spherical simplicial arrangement. If (A H , T ∩ H) is thin, it is a Tits arrangement associated to R H .
Proof. Let H = α ⊥
